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Abstract 
Abel's theorem is used to solve the Fredholm integral equations of the first kind with Gauss's hypergeometric kernel. 
The case that the kernel takes general form is discussed in detail and the solution is given. Here, the works of some 
authors are considered as special cases. The discussion focuses on the three dimensional contact problems in the theory 
of elasticity with general kernel. @ 1999 Published by Elsevier Science B.V. All rights reserved. 
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1. Introduction 
Many problems of mathematical physics, engineering, and contact problems in the theory of 
elasticity lead to the Fredholm integral equations of the first kind, (see [4,6,12]), 
fo a y)q~(y) dy = 7of(x). k(x, (1.1 ) 
Here, f(x) and k(x,y) are given functions, and k(x,y) is the kernel of the integral equation (1.1) 
which may have a singularity while the unknown function q~(x) denotes a potential function. The 
end points (0,a) are the points of the geometric singularity. At these points the function ~b(x) is 
bounded if it is a potential function while it has an integrable singularity if it is a flux type quantity. 
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In [7], Arutyunyan has shown that the plane contact problem of the nonlinear theory of plas- 
ticity, in its first approximation, can be reduced to Eq. (1.1) with the Carleman kernel, k(x,y)= 
I x -  y]-", 0~<v < 1. 
The importance of Eq. (1.1) with Carleman kernel comes from the contact mixed problems in a 
half space in the theory of elasticity wherein the modules of elasticity is changing according to the 
power law. The plane contact problems for the ordinary half-space, as it is well known [14], are 
equivelent to the integral equation of the first kind with logarithmic kernel, k(x,y)=- ln( ]x-  y]). 
Abdou [1], established Eq. (1.1) from the three dimensional contact problems in the theory of 
elasticity with potential kernel where the coefficients bed of the compressible materials are neglected. 
In the present paper we use one integral representation f the Gauss's hypergeometric function 
to give a general solution of the Fredholm integral equation (1.1). This solution is given by means 
of the composition representation f the general operator through two operators of the Volterra type 
with Abel's kernels. This paper is organized as follows: In Sections 2 and 3, Abel's theorem is used 
to solve the integral equation (1.1) when the kernel takes a certain case of hypergeometric function. 
Also, the works of some authors are considered as special cases of this work. In Section 4, the three 
dimensional contact problem in the theory of elasticity with general kernel. We apply in Section 5 the 
Wiener-Hopf technique to study general potential kernel of two variables and corresponding integral 
equation. In Section 6 a number of examples of the equations and their solutions is given. Also, 
we obtained some integral relations between Gegenbauer polynomials and Chebyshev polynomials. 
Finally, in Section 7 we list certain contact problems in the theory of elasticity, nonlinear theory 
of plasticity and other problems of mathematical physics where these general equations and their 
particular cases may appear or be applied. 
2. Hypergeometric kernel 
Consider the Fredholm integral equation (1.1) with the kernel 
1 1 
k(x,y)=(x 2+yz)2n n,n+~;m; xZ-Ty 2 . (2.1) 
Here, F(~,/~; 7;z)= ~,~-0 [(~),(fl),/n!(7),] z" where (a)m = (F(m + a)/F(a)) and F(x) is the Gamma 
function. The function F(~,/3; 7; z) defined by this series is the Gauss's hypergeometric function (see 
[8,181). 
Theorem 1. The general solution of Eq. (1.1) with the kernel of the form (2.1) is 9iven by 
x 2m-2 d f l  tg(t) 
4)(X)=r(l x (t2_x2)m_2 dt, (a=l ) ,  (2.2) 
where 
2F(2n)sinlr(2n- m)t 1-4n d f t  y2m-l f (y)  
g(Q F(m) dt ]o ( t  2 _ yZ)m--2n dy. (2.3) 
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Proof. To prove Theorem 1, firstly, consider the integral relation for the hypergeometric function [8], 
(n,n+ ( 2x _ (xZ + yZ)-2"F 
;m;kx2+y2 j  / 
2F(m)(xy)Z-Zm fmin(x,y) t4n-1 
=F(2n)F(m - 2n) ao [( x2 _ t2)(Y 2 _ t2)]1+2n_ mdt, (2.4) 
0<2n<m,  and the Volterra integral equation of the first kind with Abel's kemel 
f 
x g(Y) 
(xi--_ y2) dy= f(x), 0~<~<1,  (2.5) 
with its solution 
2sinrc~ d ~x yf(y) 
g(x) - dx ~v (x 2 ~ Y-~'-~ dy. (2.6) 
Secondly, multiply both sides of Eq. (2.4) by ~b(y) and integrate with respect o y. Then the known 
function of Eq. (1.1), a = 1, takes the form 
2r(m)x 2-2m fo x t 4n-I dt fo' Y2-2m(a(y)dy 
f(x) = nF(2n)F(m - 2n) (x 2 _-- t~W2,,-m (y2 _ tZ)l+Z,-m " (2.7) 
From Eqs. (2.6) and (2.7), ~ = m-  2n, we obtain 
t4n_ 1 f01 (y~ ~_m dy =y2-zmffg(y) F(2n)F(m -F(m)2n)sin n(m - 2n) 
d fot y2m-lf(y) 
dt (fi- Z y2-5~,  dy. (2.8) 
Hence, the theorem is completely proved. 
3. Interesting cases 
Now, we are in a position to consider the following interesting cases derived from the 
kernel (2.1). 
1 and m = 3 in Eq. (2.1), we have the kernel [17] of logarithmic function k(x,y)= 1. I fn=~ 
± ln([x - y[), and the general solution of Eq. (1.1), a = 1, takes the form 2xy 
2 d ~ ~ tdt fotf'_(y)dy (3.1) 
a_(x ) -  ~ dx ~ t~v/gWT-y ~' 
fx Jot 
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For establishing Eqs. (3.1) and (3.2) the following relations may be used: 
l ln(ly2 x 2 I ( lY~ xl)  ln ( ly -x l )=2 -1 )+2 In x ' 
1 y x 
y - x y2 __ X 2 y2 __ X 2 '  
f +(x) = x f_ (x). (3.3) 
Eqs. (3.1) and (3.2) agree with the work of Mkhilarian and Abdou [15]. 
2. I fm=n+2 and n=p/2, 0 < p < 1, in Eq. (2.1). We have [16] the Carleman kernel k(x,y)= 
Ix 2 - y21-p, 0 < p < 1, and the solution of (1.1), in this case, takes the form 
(p-i) 
~x'(1 -- x2) 2 df0t ~-(~Y)(l_p)dy, (3.4) 
_C(p)u ~d 7 dt (t 2 _ y2) 4_(x )  
dp+(x)--C(p) (1 -- t2)--g- J(1) - (t2 - x2)~ ( tp- l j ( t ) )dt ,  (3.5) 
where 
d fo t (l-p) J(t) = -~ (t 2 -- y2)~ f +(y)dy, 
2 '-p cos elF(p) (a = 1). (3.6) C(p) = ' 
The previous results agree with the work of Mkhitarian and Abdou [14]. 
l and m = 1 the hypergeometric kernel of equation (2.1) takes the form of elliptic kernel, 3. I fn=~
2 K (2v /~ ~ 
k(x,y)= rc(x + y) \x + y /  
(see [17]). Kovalenko [11] developed the Fredholm integral equation of the first kind for the 
mechanics mixed problems of continuous media and obtained an approximate solution when the 
elliptic kernel is reduced to Weber-Sonin integral formula 
f 1 _ (2v/-~'~ = 7~ 2 Jo(xt)Jo(yt) dt, (3.7) (x + y)K kx + y /  
where Jo(z) is the Bessel function of the first kind. The general solution of Eq. (1.1), in this 
l fo' du d2 fo uyf(y)dy (3.8) 
71;2 ~ du 2 ~ '  
case, becomes 
¢(x)  - _ x2  
where 
(3.9) 
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This result is very important in the contact problem of the zero harmonic symmetric kemel of 
the potential function of zero harmonic. 
4. Generalized potential kernel 
In axi-symmetric ontact problems for an impressing stamp of regular form of an elastic plane 
into a half-space, the deformation of which obeys a power law, we consider a three dimensional 
contact problem of frictionless impression of an elastic space x, y E g, x /~ + y2 = r ~< a, Z = O. It 
is known [4] that the integral equation of such a problem takes the form 
P(~,r/)d~dq =zcf.(x,y), (0~<#< 1), (4.1) 
under the evident static condition 
fo f P(x' y ) dx d y = P ( constant ) < oe. ( 4.2 ) 
Here, f2 is the contact domain between the stamps and the half-space, f.(x, y) is a known function 
which will be defined completely in the end of this section and P(x, y) is an unknown function which 
describes the pressure between the stamp and the surface plane. By using the polar coordinates, 
Eqs. (4.1) and (4.2) take the form 
/a f P(p,~)pddpdp =nf(r,O), (4.3) 
[r 2 + p2 __ 2rp cos (0 - q~)]u Jo J -  
and 
f0 l 4,)p dp d4, = P, P(p, 
d-  
respectively. To separate the variables, one assumes 
P(r,O)= Pm(r) { c°smO' { sin m0, f(r,O)=fm(r) cos m~b, sin mq~. 
By using Eq. (4.5), we have from Eqs. (4.3) and (4.4) 
f°, W~(r, P)Pm(P)P dp = fro(r), 
/: { Pm(P)pdp= P ,  re=O, 






/S  cosmq~ dq~ 
W~m(r'P) = . [r z +-~2rpcosq~]~"  (4.8) 
To write Eq. (4.8) in the Bessel function form. Firstly, we use the following famous relation 
[8, p. 81]: 
fo 27r 21r(°~)mzmF(~,m --k ~;m + 1;z2), (4.9) cosmq~d~b 
(1 - 2cos~b + z2) ~ m! 
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in Eq. (4.8), we obtain 
W2(r,p)-2nF(rn+#)mtF(#)p 2~ ( ) ' F (#,m+#;m+ 1;r2/p2), ( r<p) ,  (4.10) 
W"m(r,p) -2 rcF (m+#)  (P)mF(#,m+#;m+l;p2/r2) ,  (p<r) ,  (4.11) 
m!F(#)r 2~ 
where F(x) is the Gamma function. Using the famous relation ([10], p. 1070), 
F(e, e + 1 /2-  fl; fl + 1/2;z 2) = (1 + z)-2~F(cq fl; 2/3; 4z/(1 + z) z) (4.12) 
the formulas (4.10) and (4.11) take the symmetric form 
2rcF(m + #) (rp) m 
W~m(r,p) = mF(#) (r q- p)2m+2/~ 
xF(m + #,m + 1/2; 2m + 1; 4rp/(r + p)2). (4.13) 
Secondly, we use the famous relation, ([10], p. 716), 
fo ~ 2-~ a~b~ F( c¢ + (1 - fl)/2) 
J~(ax)J~(bx)x-~dx = (a + b)Z~-~+lF(~ + 1)F((1 + fl)/2) 
xF(~ + (1 - fl)/2,c~ + 1/2; 2~ + 1;4ab/(a + b)2). (4.14) 
Hence, Eq. (4.13) becomes 
 r(1 - 
W~(r,p) -- 2-5~-2F-(-~ oo Jm(tp)Jm(tr)t 2~-1 dt. (4.15) 
The integral formula of Eq. (4.15) is known as Weber-Sonin integral and is called the symmetric 
kemel of the integral equation (4.6). Let qS(r)= v/rPm(r) and f ( r )=  v/r fro(r) in Eq. (4.6), we 
obtain 
o a p)dp(p) dp = f(r),  
K~m(r, p)= v/-~W~m(r, p ) under the condition 




From Eq. (4.16) and taking into account he formulae (3.762) and (8.463) of [10], Eq. (4.15), 
m = 4-1/2, becomes 
r~v/~W" 1 (r,p) = r(u)cosr U[Ir - pl + (r + p)-"]. (4.18) 
:Fg 2 
Taking the limit of the last equation as # ~ 0 using the relation 
( 1 ) =l im ,x -  y . -~-  1 
In i x_  y[ ~o  2 ' 
we obtain 
rCv/~W2½(r,p)=ln(lr lp[)-t-  In ( r  +-~) .  (4.19) 
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By putting t in Eq. The elliptic integral is obtained from Eq. (4.15) when m = 0 and /~ = 5. # = 5 
(4.15) with the aid of Eq. (4.16) we obtain the Fredholm integral equation of the first kind with 
potential function kernel where 
1 e~ 
K~, (x, y)  = 2n f Jm(tX)Jm(ty) dt. (4.20) 
J0 
5. Solution of the integral equation 
To solve Eq. (4.16) with the kernel of the form (4.15) under the condition (4.17), rewrite it as 
an integral equation of the Wiener-Hoff type. For, setting r = ae -¢, p = ae -~, ~b(ae-¢)ae -¢ = ~(~) 
and f (ae-~)a"e -~ = g(4) in Eq. (4.15) and using Eq. (4.16), we obtain 
fo ~L(~ =g(4),  0~<4< q)~(q) dr/ 
where 
L( ~ - q) = e-"(¢-~)K~(ae -~, ae-~). 
(5.1) 
(5.2) 
Popov [16] stated that in order to obtain the solution of Eq. (5.1), it suffices to obtain the solution 
of the most simple equation 
f0 
0~ " 
L(~-r / )0z(4)d~ =e~,  4, Imz~>0. (5.3) 
Now, making use of the formulae 
'/? ~b(4) = ~ G(-z)~kz(4) dz, 
oo 
(5.4) 
f0  (3 G(z) ---- g(~)e iCz d~. 
The solution of Eq. (5.3) (see [5,16]) is given by 
1 
1~ ( ln (a ) )~- ( - z ) rm+~ 
q~z(r) = r = r((1 + #)/2) 
{ l 3 } a -m-u-U2 m -q- # -q- -~ -q- i z  a t--~-m-~--~ dt  
× 1-, + a_~ -----------i~--~ , (5.5) 
(a 2 - x 2) 2 (t 2 - x2)-5 -
0 ~< r < 0, where 
3 1 
After obtaining the solution of Eq. (5.5), one can derive the general solution of Eq. (5.2). It is easy 
1 
to see that the function v@b~(r) is a solution of Eq. (4.15) when f ( r )=a iZr -~-2  -~. Therefore, the 
general solution of the integral equation 
fo aKUm(r,p)q~(p,a)dp= 1, O<~r < a, (5.6) 
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is given by 
q~m(r,a) -~ r = v/r[a ~bz()]z:i(,/2+,). (5.7) 
By using the principal of Krein's method [12] the general solution of Eq. (4.15) with the aid of Eq. 
(5.7) is given by 
~b(r) = F ('_~___a~)F ( !~)  (ae_ r2)-- T- (ue_ r : ) !~  ' 
1 
= --2m--# d fo a sm+zf(s)ds 
l -p " ~b(a) a daa (a 2 -s  2) 2 
(5.8) 
All the previous cases discussed in this paper can be established as special cases of Eq. (5.8). 
Krein's method (see [9,12]), is considered the best method for solving the integral equations in 
applied mathematics problems where the singularity disappeared. 
6. Examples  
(1) Letting m = -4-½, -1 <# < 1 and f (x)  = C2n(X), C~n(X) is a Gegenbaur polynomial, in (5.8) 
and taking into account Eqs. (4.16) and (4.18). By using the famous formulae [8] with the aid of 
(8.961) of [10], 
V/~F(nw~)e(n-½,-(l-2~))(a 2t 2) ( __a )nF(2)F (n+~ ) ~/2 - = ( t ) ,  
( ~) (1 __(1--#)) (~) ( ~) ,U/2 
v/- F l+n+ tp.2, 2 ( l _2 t2)=(_ l ) .V  V n+ Q.+l(t), (6.1) 
P(~'~) is the Jacobi polynomial, we obtain 
f '  = c;/2(x), Ixl < 1. (6.2) 
C;/2(y)dy 7~F(k + #) 
'--l~ 
Ix - yl,(1 - y2)-T- cos n#/2F(#)k! 
(2) Letting m -- 4-½, # = 0 and f (x)  = T,(x), T,(x) is a Chebyshev polynomial in Eq. (5.8) and 
taking into account Eqs. (4.16) and (4.19), we obtain 
- (6 .3)  
f_ In [x-17~ x / l _y  2 k Tk(x) k>0.  
1 and f (x )= PZn(X/1--X 2 ), P2n(x) is the Legendre polynomial, in (3) Letting m = 0, # = i  
Eq. (5.8) and using the result in Eq. (4.16), we obtain 
f01 s ds -- 2,P2n(v/] - - x 2 ), (6.4) k(x, s)P2,(x/1 - s 2 )v/1 _ s---------- ~
(n~>0, 0~<x~< 1), where k(x,s) is the elliptic integral and 2, = n2[(2n- 1)!]2/[(2n)!(4n)]. 
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7. Conclusions 
From the above discussion, the following may be concluded: 
1. The displacement problems of anti-plane deformation of an infinite rigid strip with width 2a, 
putting on an elastic layer of thickness h takes the form of Eq. (4.15), m = +½ and # = 0. The 
known function represents the displacement s ress (see [2]). 
2. The problems of infinite rigid strip, with width 2a immersed in a viscous liquid layer of thickness 
h, where the strip has a velocity resulting from the impulsive force V--- V0e -iC°t. Such problems 
represents the Fredholm integral equation (4.16) when m----±½, # = 0, where V0 is the constant 
velocity, ~o is the angular velocity resulting from rotating the strip about z-axis. The known 
function of (4.16) is given by vVo, where v is the viscosity coefficient. 
3. Certain contact problems in the theory of elasticity is reduced to one of the forms of the integral 
equation (4.15) (see [3,4,13]). These contact problems involve circular contact region, when # = ½ 
in Eq. (4.15), in the form of a usual half-space (see [4]), or a half-space of a variable modules 
of elasticity (see [12]). 
4. Certain contact problems in the nonlinear theory of plasticity (in their first approximation) is
reduced to Eq. (4.15), # # 0, m = +½ for the symmetric and skew-symmetric cases, respectively 
(see [13,14]). 
5. The contact problems in the three dimensions with potential kernel can be obtained as a case of 
Eq. (4.15), when # = ½, f . (x ,y )= 20[6-  f(x,y)], 0 = G(1 -v )  -1 (see Eq. (4.1)). Here, G is 
the displacement magnitude, v is Poisson's coefficient, f(x, y) is a known function describes the 
pressure between the stamp and the surface and 6 is the rigid displacement under the action of 
a force P (see [5]). 
6. The three dimensional contact problems with potential kernel can be reduced to the Fredholm 
integral equation of the first kind of one variable. The kernel of such problems is reduced to the 
form of Weber-Sonin integral, 
k(u,v) = v /~ J~(tu)J~(tv)t~dt(Re(2m + 1)>-Rev  > 1). 
7. The kernel of Eq. (4.15) can be expanded in the Legendre polynomial form as 
o~ r2(1 /2  + m + o~ + n /2)P2(x )P2(y )  
mn(x'Y) = 2n-l(xy)m E r~(1 + m + o9)(1/2 + 209 + m + n/2) -1 
09=0 
(pm(t) is the Legendre polynomial). 
8. The contact problem of zero harmonic kernel is included as a special case where m = 0. Also, 
the contact problem of the first and higher-order (m/> 1) harmonic Fredholm integral is included 
as a special case. 
9. This paper is considered as a generalization of the work of the contact problems in continuous 
media which is discussed in [4,6]. 
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